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Abstract. The Green function approach to the theory of the interacting photon-electron-
phonon system is presented. The method of Legendre transforms is used to derive the
Dyson equations for the photon and phonon Green functions, as well as the Bethe-Salpeter
equation for the two-particle electron-hole Green function. Knowledge of those Green
functions provide the excitation energies of the quasiparticles (polaritons) formed by
coupling of excitons with photons and phonons. Examination of the poles of the two-
particle electron-hole Green function leads to an equation for the Bethe-Salpeter ampli-
tudes, as well as to a microscopic derivation of the Maxwell equations taking account of
the local-field effects. A normalisation condition for the Bethe-Salpeter amplitudes is
derived. In the limit of an instantaneous electron-phonon interaction the equations for
determining the renormalised phonon frequencies are obtained, as well as the sum rule
for them, similar to the Lyddane-Sachs-Teller relation. In order to define a dielectric
function which does not depend on reciprocal lattice vectors (crystal optics approximation),
the special eigenvalue problem is treated by successive integrations, first over rapidly
varying photon fields and then over slowly varying photon variables. This idea provides
both the equation for obtaining the polariton spectra and the relation between the displace-
ment and the electric field, which does not depend on reciprocal lattice vectors

1. Introduction

The concepts of photon-photon and exciton-photon coupling are required for the
interpretation of optical spectra of semiconductors. The idea of the photon-phonon
coupling into a new set of normal modes (phonon polaritons) was derived by many
contributors in the early-1950s (Tolpigo 1950, Huang and Rhys 1951, Born and Huang
1952). The concept of exciton-photon coupling (excitonic polaritons) originated with
the early works by Hopfield (1958) and Agranovich (1959).

In the present paper, we point out that a detailed theoretical description of the
interacting photon-electron-phonon system leads to the composite quasiparticles
formed by coupling of excitons, photons and phonons. We use the word ‘polariton’
for those excitations. The two limiting cases (phonon polaritons and excitonic
polaritons) can be derived from our approach. The present treatment is based on the
powerful arsenal of quantum field theory. The fundamental point in our approach is
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that all quantities of interest are expressed in terms of the appropriate Green functions.
The equations for the Green functions are obtained by using the field-theoretical
technique. This treatment leads naturally to the Legendre transforms of the generating
functional for connected Green functions (De Dominicis and Martin 1964).

The advantages of the present approach, which to the best of our knowledge has
not previously been used, are as follows.

(i) We avoid the complicated procedure of introducing boson annihilation and
creation operators for the exciton states (Steyn-Ross and Gardiner 1983).

(ii) The contribution of the local-field effects to the polariton spectra can be
accounted for without any matrix inversion procedure (Johnson 1975, Hanke 1978).

(iii) The method is carried through without any references to the classical Maxwell
equations (Ivchenko 1982).

(v) The method does not use the perturbation theory.

In §§ 2-4 a method of handling local-field effects in the interacting photon-electron-
phonon system is presented. In § 5the above system is treated by successive integrations
over the photon fields. In particular we derive a dielectric function which does not
depend on reciprocal lattice vectors (crystal optics approximation).

2. Green functions and Legendre transforms

2.1. The model

The system under consideration consists of a radiation field, described by a radiative
action $§’ and a material system. In our case the material system is the semiconductor,
described by the action for non-interacting electrons in a periodic lattice potential S§’
and the action for ‘bare’ phonons Sy*'. The radiation and the matter interact via an
electron-radiation interaction and a phonon-radiation interaction. In terms of the
field theory we have a boson (photon) field A, (z) interacting with a spinor (or electron)
field ¥(y) or (¥(x)) and with a boson (phonon) field u,(£) at finite temperatures.
Here y ={r, o, u}, x={r", o', u'}, z={p, V}, £ ={l, », w} are composite variables where
r, ¥', p are radius vectors and o, o’ are spin indices. For finite temperatures we shail
use the ‘imaginary-time’ formulation of the finite-temperature field theory, invented
by Matsubara (1955). This approach automatically yields results with correct analytic
properties. According to the ‘imaginary-time’ formalism the variables u, u’, v and w
range from 0 to #8 = #(kT)™', where T is the temperature, k being the Boltzmann
constant. /=1,2,..., N is the unit cell index and »=1,2,...,s characterises the
atoms in the unit cell. There exist s atoms in a primitive cell and the crystal consists
of N cells.
Consider the following action

S=S85+S85 + S+ §lem) 4 glom (1)
where

S& =W ()G (3, x)¥(x) (2a)

S5 =3A,(2)D'Y (2, 2) Ag(2) (2b)

So¥ = 1u. (£)Suh (& €)up(€). (2¢)

In this section and throughout we use the summation-integration convention: that
. . =1 . .
repeated variables are summed up or integrated over. G'° (), x) is the inverse
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one-particle Green function for the system of non-interacting electrons in a periodical
lattice potential. In an (r, o) representation we have

G (y,x) =Y expl~iw,(u—u)]1G (r,0;r, 0} iw,) (3a)
where the symbol X, is used to denote (hB)~' Z,,, and for the one-particle propagator
of a fermion field, one has w,, = 2w/ hB)(m+3), m=0, =1, £2,.... The inverse

photon propagator 2'% (z, z') (in a gauge, when the scalar potential ® =0) has the
following form:

D

<I~

;GZZ exp{il(Q+G,)(p-p)—w,(v~0)}Ds (Q+G,;iw,) (3b)

297 (Q+G,:iw,) =#[(i‘;i 8= (Q+G)8,5+(0+G).(Q+ Gl (30)
where V is the crystal volume, Q is the wavevector and G, are reciprocal-lattice vectors.
Here we have restricted the summation over Q to be within the first Brillouin zone.
The symbol X, is used to denote (#B)"'Z, and for the single-particle propagator of
boson fields, one has w, =27/ #B)p; p=0, =1, £2,... . The free-phonon propagator
S'% has the form

S €)=Y (M N)ez*(A, Q)ex (A, Q) (3d)

A Q w,
S3(Q, 1w,) exp{ilQ(R,~ Ry) = w,(w = w")]}
S(Q, iw,) =[(iw,)* - QI(Q)] "
Here h),(Q) are the energies of the ‘bare’ phonons with Q wavevector in the
Brillouin zone and A a branch index; My=2X,M, and e} (A, Q) denotes the phonon

eigenvectors. The inverse phonon propagator S'3 (£, ¢') can be obtained from (3d)
by means of the following normalisation conditions:

Y M.ei (A, Q)ex(A, Q)= Myd,, (3

(3e)

Y Ml (A, Q)es (A, Q)= MyS.pd (3g)

The actions $7*’ and §'“~*' describe the electron-photon and photon-phonon
interactions, respectively,

ST =W (y, x| 2)¥(x)Au(z) (4a)
§'“7 = Aa(2)xap (2] €)ug(£) (4b)
where the electron-photon I''?’ and the photon-phonon Xap vertices have the form
S{lu—u"Yd(u—v . “
Y xlz)= ( h) ( )ZCXP(lqp)<r, olj(@)|r, o) (4¢)
cV a
Xa;a(zlf)—ZeXP[ iw (W_U)]< )PZL;(P R)). (4d)

In the above expressions ]a(q) denotes a single-particle current operator. The
polarisation of the crystal at point p due to the atomic displacements u’* from their
rest position is equal to Pa(p)=P§B(p—R,)u};‘, where P7; are phenomenological
parameters.
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2.2. Schwinger equations

All propagators, which are vacuum expectation values of the time-ordered products
of field operators, can be obtained by functional differentiation from the generating
functional

WL J, M]= J 2,((9, ¥, A, u) exp[J(2)Aa(2) + L(§)u. (6) =T (y) M (3, x)¥ (x)].

(5a)

Here 1,(¢), J.(z) and M(y, x) are the sources of the corresponding fields. The
measure Zu is given by

gul¥, v, A, u] = constant x exp(S) d¥ d¥ dA du (5b)
where the normalisation constant is chosen so that | u (¥, ¥, A, u) = 1. By definition
Z[LLJ, M]=1n W[, J, M] (5¢)

is the generating functional of connected Green functions.

Let us introduce the following definitions (after the functional differentiation one
should set I=J=M=0).

Photon Green function:

Doplz, 2')=—8"Z/8J,(2)8]5(2'). (6a)
Phonon Green function:

S.s(& &) =—8Z/8I,(£)8I4(¢). (6b)
One-particle electron Green function:

G(x,y)=-8Z/6M(y, x). (6¢)

Two-particle electron-hole Green function:

x ¥\ __8G(xy)
K =
(y X’> SM(y', x') (64)
Electron-photon vertex function:
56*1()’, x) —1 '
Fo(yx|z)= 57,2 P pal?, 7). (6€)
Electron-phonon vertex function:
8G"'(), x)
ea( s X =____-,,_S_; ,9 . 6
y, x1€) o) SeE 0 (6f)
R.(2)=6Z/8],(z) L.(§)=6Z/8L.(§). (6g)

Asa consequence of_the fact that the measure d¥ dW¥ dA du is invariant under the
translations V>V +486V¥, A->A+8A, u->u+8u one can obtain the Schwinger
equations (Schwinger 1951):

0= (2, 2)Re(z") + Jo (2) + G{x, )Ty, x| 2) + Xap(z| £) Ls (&) (7a)
0=S9% (& &) Lag()+ L, (£)+ Ra(2)xpa(z]€) (7b)
0=G (3 x)- G (3, x)+ M(y, x)+2(y, x) (7¢)

where the mass operator X(y, x) has the form

2(yx)=-TJ(3 x[2)R(2) =T (3, x'| 2) G(x', y')T (', X[ 2) Zag (2, 2. (8)
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2.3. Second Legendre transform

By generalising in an obvious way the standard procedures of analytical mechanics,
in particular the Legendre transforms, we can go over from the functional Z[I, J, M]
to a new functional V[L, R, G] such that the conjugate equations hold:

J.(z)=—-8V/6R,(z)
1,(§)=-8V/3L,(§) (9a)
M(y,x)=8V/8G(x,y)
where V[L, R, G] is given by
VIL,R,G]=Z - J,(z)R,(z) = I, (§) L. (§) + M(y, x) G(x, y). (9b)

In the above equation I, J and M must be considered as functionals of L, R
and G.

3. Local-field effects and elementary excitation spectra

3.1. Photon Green function and dielectric function

We will study the photon Green function by using the method of the second Legendre
transform. By means of the identity

8J,(2)
8J5(2")

_8J(2) 8R,(z") 8J(2) BL,()  8Ju(z) 8G(x.y)
T BR,(2") 8J5(2)  BL,(§) 8J5(z") 8G(x,y) 8Js(2)

8apd(z—12") =

(10a)

one sees that the photon Green function satisfies the Dyson equation of the form
Dap(z,2') = Dep(z, 2) + D)z, )10 (2", 2") Dog (2", 2') (10b)

where I1,5(z, z') is the proper self-energy of the photon which can be written as a sum
of two parts

M.s(z,2) =113z, 2)+11(z, 2°). (10¢)
The phonon part I1.} of the proper self-energy has the form
M3 (2, 2) = Xay (2| €)S55(& €)xpo (2] €). (10d)

The electron part I15 is given b
p p1sg y

sz, 2) =T (3, x| 2)G(x, y)G(x', y)T(y', x'| 2" (10e)

where T',(y,x|z) is the electron-photon vertex function (6e). An equation for
I'.(y, x|z) (the Edward equation) can be easily obtained after differentiation of the
Schwinger equation (7¢) over J,(z), taking into account that the mass operator must
be considered as a functional of L, R and G. The Edwards equation has the form

8Z(y, x)

N X (0]
ra(ys X‘Z)—-Fn (ys Z‘X)JF(SG(X,, y!)

G(x', y")G(x", y)T.(y", x"| 2). (11)
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Let us introduce a two-particle electron-hole Green function for ‘mechanical’
excitons Ky, (Glinskii and Koinov 1986, 1987):

y X oYy x' 82(y, x)
_— 12
KM(X y) K (x y’) 8G(x', ") (12a)

where K'®' is the free two-particle propagator

K' (" y) G(x,y)G(x', y). (12b)
y X

By using (11) and (12a) one can obtain I1.} ap in the form
n‘:g(z,z')=ri,°’(y,xlz)KM<; ?)F‘s"’(y’,x’lz'). (13)

Let us introduce the Fourier transform of any functional of the photon variables
0.5(z,2'). In a perfect crystal, translational symmetry requires ¢.z(p+ R, p'+ R;;
v=0")=¢,s(p, p's v—0"), so that the Fourier transform is given by

baplz,2) == Z Z 2 Y explil(Q+Ga)p

Gy, Gy wp

~(Q+Gn)p' —wp(v=0)}dap(Q+ G, QF Gpj i) (14)

Here we have restricted the summation over Q to be within the first Brillouin zone
and G,, G,, are reciprocal-lattice vectors.
By the definition the dielectric-matrix tensor e,z is given by

eas(psp's iw,,)=50,;5(p—p’)- [HL%’(p, siw,) +I155(p, p'; iw,)]. (15a)

(iw )2
After Fourier transforming (15a) one sees that

SQB(Q+GH’ Q+Gm’ l(l) )

dmhc?
= 8.586,0, = (” S0+ Gy, 0 G iwy)
I5(Q+G,, Q+ G, iw,)] (15b)
where
) (iw,) Z, (A, Q+G,)Z}(A, Q+G,)
H(Q) -+ + . = P B [
af (Q Gn’ Q Gm; 1(Up) MOVOhc2 Z (la)p)z—ﬂi(o) (16a)

Here Vj, is the volume of the unit cell and Z, (A, Q+ G,) is the effective charge:
Z, (A, Q+G,)=Pi(Q+G,e; (A Q) (16b)

where P;5(Q+ G,) is the Fourier transform of P;(p —R)):

P(p—R)=— ZZCXP[I(Q+G Y(p—R)IPL s(Q+G,). (16¢)
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Let us introduce the Fourier transform of any two-particle Green function K(\l Q)
Due to the time-translational invariance K is a function of u,, = u, —u,, u,; and u,;.
The Fourier transform has the form

rnoy o
K(

0y T40,

Uz, Uazs u,3>

= Z Z ZCXP{ iw,(u u3)—wml(u2—u1)+w,,,2(u4—u3)]}

@iy @y Op
noy, o3 .

X K 1w ; iw,,; iw, ). 17)
g, Ia04

Taking the Fourier transform of (13), one can obtain that the electron part of the
proper seif-energy assumes the form

Hieé(Q+Gn,Q+Gm;iwp)

oy, ro;

h2 2V("2, Uz!JQ(Q"' G )]"1, 0'1>KM( 21=0; us3=0; iwp)

><<r3,Uslfa(—Q—Gm)lm,m). (18)

It can be shown that the simple contributions to the kernel §2/8G in (12a) come
from the screened Coulomb interaction and from the phonon exchange contribution,
so that in the lowest-order approximation the quantity Ky, is a two-particle propagator
which describes the propagation of an electron-hole pair initially in states (r,04; r4o4)
which are scattered into final states (r,o,; r,0,) by the screened Coulomb and phonon
exchange interactions (Glinskii and Koinov 1987).

o, 1,0y

3.2. Phonon Green function
Using the identity

8L,(§)
815(¢')

_ L) 8R,(2) | BL.(£) BL,(§") , 8L(§) 8G(xy)
8R,(z) 815(&") OL,(¢") 815(&') 8G(x,y) 8Ia(¢)
one can obtain the Dyson equation for the phonon Green function
Sap(§ €)= Sup(& &)+ SOE €T\ (€", €")S0p (€7, &) (195)

where the proper self-energy of the phonon T,; has the form
Tap(§ €)= Xya(2]£)D5(2, 2')xop (2] €)

QB(§ 6)

(19a)

+6.7(y, x| £)G(x, y)G(x', ) 65(y', X' €). (19¢)
In the above equation we have introduced the ‘bare’ electron-phonon vertex
0. (3, x| €) = ~xya (2| )D3(2, )T (y, x[2'). (194)

The Edwards equation for the electron-phonon vertex function 6,(y, x|£) can be
obtained from the Schwinger equation (7¢) after differentiation over I,(£). This
equation has the form

X ! X !
K‘°’<y i,)ea(y’,x'|§)=1<w(y ?)%‘”(y',x'la (20a)
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where the two-particle propagator K, satisfies the equation

] (x'f y:) = 8(x—-x18(y =),
y X

[K;il(x” ) r(O) y, xlz)@(O)(z z )F(O)(yu x”
y X

(20b)
If we introduce a photon propagator &, which satisfies the Dyson equation
Daalz, 2)=DY(2,2)+ D)z, 2L N2, 2" D(2", 2') (21a)
then the proper self-energy T, assumes the form
Tap(€ €)= X5a (21 ) 25(2, 2)xop (2| €). (21b)

The Fourier transform of (21b) may be easily obtained by means of (4d). The

result is
I I’ 1 ( )2 .
TaB(x x' )zvgcz )) haz)cz exp[iQ(R,— R;)]
X P (-Q=G)2(Q+G,, Q+ Gy iw,) Pig(Q+ G,,). (21c¢)

3.3. Bethe-Salpeter equation

The Bethe-Salpeter equation for the two-particle electron-hole Green function (6d)
can be obtained by means of the identity

8(x—x")8(y~y")
_ 6M(y, x)
T SM(y, x')
_8M(y,x) 6R.(z) +<3M(y,2) 8L, (¢)
T BR.(z) SM(y,x") 8L.(¢§) SM(y,x')

LMy, x) 8G(x",y")
8G(x", y") M (y', x')’

From (22a), one sees that function (6d) satisfies the Bethe-Salpeter equation

(22a)

[ 3)-rerinage npon el |k (% )=o)
x y yoox
(22b)
where the photon propagator @3 is defined by the Dyson equation
@L%)(Z )_@(O)(Z z)+@(0)(z zu)n(ﬂ)(zu zm)@(ﬂ)( 1 /). (22(’)

3.4. Analytic properties of the Green functions

By means of the second Legendre transform and the equations for appropriate Green
functions of §§ 3.1-3.3, one can obtain the following relations between the photon and
the phonon Green functions on the one hand and the two-particle electron-hole Green
function on the other hand

Dap(2,2)= D3P (2, 2)+ D (2, 2", (2", 2DR(2", 2') (23a)
Sap(€ €)=Su5/(& €)+ S5 (& €)R,. (£, £M)SS(g", &) (23b)



New approach to the theory of polaritons 3439

where the phonon propagator S.3 is defined by the Dyson equation
26 E) =S (6 E) ~ Xra (21O DNz, 2 xop(2 | €). (23¢)

The quantitites 1,5 and R, are the photon self-energy and the phonon self-energy,
respectively, and they are straightforwardly connected to the two-particle electron-hole
Green function

M, s(z 2" =1‘<QO>(y, x|z)K<; ?)F‘;;O)(y’, x’|z’) (24a)

Roa(g €)=60(y, xl&)K(;‘ ﬁ :)0‘,?’@', x| &), (24b)

By means of the second Legendre transform and using the identity 0=
8J,(z)/815(€), it is also possible to write relations between the photon and the phonon
Green functions:

Dap(2,2') = Dip(2, 2') + D)2, 2) X5 (2" €) S0 (€, € Xos (27| €)DGF(2" | 2) (24¢)
Sap(€ €)= Sap(£ €)+ S(E €)X (2] €)Drs(2, 2) x50 ('] €7)S5a(€", €) (24d)

where the propagator 9.} is defined by the Dyson equation
D5y (2,2)= DY (2, 2) ~T(z, 2), (24¢)

From (22)-(24) one can conclude that three Green functions 9,4, S,z and K have
identical poles.

We continue by analysing the analytic properties of Fourier transforms of those
three Green functions, i.e.

. rr.
@nB(Q+Gn, Q+Gm;1wp) SQB(X x, lwp)
and
rno, rho .
K(l b uz,;u43;1w,,).
r20'2 rsoy

Any well defined elementary excitation of wavevector Q and energy spectrum #w,(Q)
of the system under consideration manifests itself as a pole near the real axis in the
frequency plane of the functions

I r
@aB(Q+GnsQ+Gm;Z) 5uﬁ<x x,

z) and K(m71 739

ro, 440,

Uz, Uas, Z)

the analytic continuatioms of the corresponding Green functions off the set of points
along the imaginary axis into the appropriate half of the z plane. Thus, the contributions
from the composite (exciton-photon-phonon) polariton state w,(Q) to the above
Green functions can be written as

o, rio;
K<
POy Ta0,

q)po("zo'v; ro,, u21)¢vo*(r30.3; ra04; Uaz)
21, 5 = - [P : + F, 2
Uy, Uas Z) z—w,(Q)+i0 1(z) (25a)
AL(Q+ G )AL (Q+G,)

z—w,(Q)+i0"

z) = U;"(:) U,;Q‘(:)(z—wp(c)ﬂo*)“ + Fy(z2) (25¢)

Dap(Q+ G, Q+ Gy 2) =

!
SaB(x »'

+ F,(z) (25b)
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where Fi(z), i=1,2,3, are terms regular at z = w,(Q). In the case of the degenerate
polariton state w,(Q) equations (25) must be generalised in a suitable way (Nakanishi
1969).

On substituting (25a) for the pole term of K in the Bethe-Salpeter equation (22b),
we compare the residues at z = w,(Q) of both sides. One then derives the following
equation for determining the Bethe-Salpeter amplitude & C(ry05; 1045 Uny)

e _f Oy 0 . .
dU43 KM Usy; Usgzy Wy
0 O, F404

Mz Y (r, o1l fu(=Q = G2, 03)
G, G,

(n)(Q+Gn9 Q+Gm’wv)<r4a0'4‘JB(Q+G )lr3’03>]¢vo(r4o-4’ r\Ty) u43)} 0 (26)
Insertion of (25) into (23) and (24) allows one to write

_=n

vQ +
A (Q+Gy) th

Z Dos(Q+G,, Q+G,; 0,)J;°(Q+G,) (27a)

eX’(A, Q)ZE1, Q+G,)
w-Q3(Q)
where the current J:°(Q+ G,,) is defined as

U;O(i) MN exp(lQR,)zz AR(Q+G,) (27b)
0

J2R(Q+G,)= Z,J‘d’d'v 0| 7.(Q+G)|r, o) (ro; r'a’; 0). (27¢)

g,

From (27a) and (26) we obtain the following set of equations:
2
w v
GZ (?8118(0 + Gn, Q + Gm, wv) - (SaBaG,,G,,,(Q+ Gn)2

+86,6,(Q+Gna(Q+ Gm)g>AE°(Q+ Gn)=0 (28a)

which are identical with that obtained by looking for normal-mode solutions to the
Maxwell equations in a crystal. The vector potential A2°(p, t) for the (», Q) normal
mode is given by

ALl(p, 1) = GZ (A2(Q+G,) explil(Q+ G,)p ~ w, 1]} +cc). (28b)

U»O( I
“ X

represents the displacement of the (/, x) atom in the « direction.

Since (26) is homogeneous, it cannot determine a multiplicative constant of the
Bethe-Salpeter amplitude ®*°. In order to find a normalisation condition we introduce
the Fourier transform of the Bethe-Salpeter amplitude

Similarly,

t) = U;Q(’D exp(~iw,t)+cc (28¢)

CDVO("ZUZ; Loy Uy )= Z exp(—iwmuzn)q)va(fzo':; POy iw,). (29)
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By comparing the residues at z = w,(Q) of both sides of the identity K = KK 'K
one can find the normalisation condition in the form

z Z {(DVO*(HUH 05, iwm,)

wml ""'ml
d oy 3o,
x—{ K™!
dz Fa0s  T40y

1Wpm,; 10my 2)} " (ry04; 11033 iwmz)} =1
ITw

»

(30a)
where
K“("U‘ "% i e -:)
r20'2 r40_4 mys mys
af ho r30; . .
=Kul "7 m;lm;Z>
M("z"z Lo W 1m,
(7B)° A
_hzfzvczj‘.g.(’1,0'1|Ja(—Q_Gn)‘r2,0'z>
X DE(Q+ G, Q+ G, 2)(rs, 04]7a(Q+ G 13, 7). (30b)

By means of the identity

BKM
—K =—K '— Ky
dz M az M

and using equations (26) and (27a), the normalisation condition (30a) can be rewritten
in the form (Glinskii and Koinov 1986, 1987):

hw"—(o)_i VQ
V _47TGZ,,GZ,”{ (Q+G)[ (wueaﬁ(Q+Gn7 Q+Gma v))

+€aB(Q+Gn,Q+Gm;wy)} E(Q+G, )} (30¢)

where the electric field EX°(Q+ G,), which corresponds to the (v, Q) normal mode,
is given by
E:°<Q+G,,>=“”—”9A:°<Q+Gn). (30d)

4. Instantaneous electron-phonon interaction

In the gauge we have used (the scalar potentlal is set equal to zero) one can separate
the effective electron-phonon vertex 6.”into an instantaneous part and a retardation
part by writing the photon propagator as a sum of a longitudinal (instantaneous) part
and a transverse (retardation) part.



3442 Z G Koinov and G F Glinskii

From (19) one sees that in the limit of the instantaneous electron-phonon interac-
tion, the phonon Green function assumes the form

! h
Sa;;(i i/ iw,,) =§Z v Nexp[iQ(R,—R,r)]
x e (p, Q)(iw,)’ —wi(Q)]1 "5 (1, Q). (31a)

In the above equation the renormalised phonon frequencies w, (Q) and the new
phonon eigenvectors e,( 1, Q) can be obtained from the standard eigenvector-eigen-
value (U, (A, Q)-w,(Q)) problem:

Z |:<wi(Q) —Qil(Q))meZ— T)\IA;(Q)] U,L(Azy Q)=0 (31b)
Az
exlpm, Q) =2 Uk(r, Qei(r, Q) (31¢)
A
where the instantaneous part of the proper self-energy of the phonon is
47 *
T,.,(Q)= 2 ZEA, Q+G)Zs(A, Q+G,)
VOMO G, G,
(Q+Gn)a (e)—1 (Q+Gm)B

(Q+G,,0+G,; 0) (31d)

0+G,| °! Q+G.|

(e)

Here ¢ “(Q+G,, Q+G,;0) can be obtained from the electron part of the
dielectric function (15) at zero frequency by picking out the transverse components
via the equation

(Q+Gn)a (Q+Gm)B
NQ+G,, Q+G,,; 0) =20 Q+G,, 0+ G,,; 0)—~—2L8 31
EI(Q Q ) ’Q+Gn|£B(Q Q )lQ+Gm‘ (31e)
and after that inverting the matrix £|(Q+ G,, Q+ G,,; 0).
By means of equations for ‘bare’ phonon frequencies
2 [Q3(Q)8.58 .= Dia(Q)]es (A, Q) =0 (32a)
B.x

where Z’,‘;V(Q) is the dynamical matrix, and using (31), one sees that the following
sum rule holds:

5 _ 5 47T Za(/\, Q+Gn)(Q+GH)a
seio-gaon i y g HaLze
X7 (Q+ Gy, Q+ Gy 0) 2 G 2Ol (326)

A characteristic feature of the optical processes in polar semiconductors is the
predominance of the interaction of photons with Lo phonons as compared with phonons
of other types. Thus in polar semiconductors the short-range part of the photon-phonon
vertex x.s(z|£) can be neglected in comparison to its long-range part. In a cubic polar
semiconductor with two atoms per cell in the Q>0 limit we have Z,(A, Q)Q./|Q|=
Z5,.0, where Z is the effective charge. Thus, the well known Lyddane-Sachs-Teller
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relation wigo = 03ox%0/ % can be derived as a consequence of the sum rule (32b), where
the following notations have been used:

x;‘:gn% el (Q+0,Q+0;0) (32¢)
4nZ*

Ho= Koo +———5—. (32d)

° M,VQio

5. Crystal optics approximation

As pointed out in § 3.4, the examination of the poles of the two-particle electron-hole
Green function leads to the Maxwell equations (28a). The basic problem with obtaining
the spectra w,(Q) from (28a) is that in principle the dielectric matrix £,5(Q+ G,, Q+
G,,; w,) has an infinite number of components. This problem was most accurately
solved by Johnson (1975) who pointed out that, for cubic crystals in the Q- 0 limit,
there are solutions of (28a) of the form

e(w)w’(Q)=c'Q’

where £(w) follows from the Q - 0 limit of the G, =0, G,, = 0 component of the inverse
dielectric matrix e '(Q+G,, Q+G,.; w,).

In this section and throughout the remainder of the paper we will propose a new
method for obtaining the polariton spectra, which enables us to avoid the complicated
procedure of the matrix inversion. The method enables us to define a new tensor
£.s(Q, w,) that provides both the equation for obtaining the polariton spectra w,(Q)
and the relation between the displacement D:°(Q) and the electric field E*?(Q)
corresponding to the (», Q) normal mode in crystals.

5.1. Method of successive integrations over the photon fields

The method of successive integrations first over rapidly varying photon fields and then
over slowly varying photon fields is similar to that of tackling the infrared divergence
phenomena in quantum electrodynamics (Popov 1983).

Let us write the photon field as a sum of two parts: the Fourier transform of the
first part contains components with wavevectors Q within the first Brillouin zone
(slowly varying fields), while the Fourier transform of the second part contains com-
ponents with wavevectors Q+ G, (rapidly varying fields). By performing the integra-
tion over the rapidly varying photon fields in the generating functional (5a) we obtain

WL J M]= J- Gv(¥, ¥, A, u)exp(J.(2)A,(2)+ L (&u, (&) - ¥ ()M, x)¥(x)).
(33a)

In the above equation and throughout the remainder of the paper A.(z) is a slowly
varying field. The new measure Zv is obtained by integration of (5b) over the rapidly
varying photon fields

Gv(¥, ¥, A, u)=constant x exp(S,) d¥ d¥ dA du. (33b)
The normalisation constant is chosen so that { Z» = 1 and the new action S, is given by

S] = Sbe;+sé)w)+Sl0£21+51w-(1)+S(e—wJ+S(e~ﬂh+S(e—e)‘ (34)
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In the above equation Sy’ has the form given earlier by (2a). The rest of the actions
are defined by the following equations:

Sye'=1A a(z)@ Nz, 2)Ag(2") (35a)
S¢M =1lu (5)5 “HE Eug(€) (35b)
S = A, (2)Xap(z|£)ug(€) (35¢)
St =P ()ITO(y, x| 2)W(x)AL(2) (35d)
SN =F(y)0(y, x| £)W(x)u, () (35e)
S(e‘e’=—%\ff(y)‘lf(x)15<i} i,)‘i’(y/)\lf(x’) (351)
where the following notations have been used:

SOTHE )= SN E &) = Xya (21 OBz, 2) K0 (2| €) (36a)
9<°’(y,x|§)——F(°’(y, x| 2)DGy(2, 2) Ryal2'| €) (36b)
IE(;‘: ;,) =Ty, x| 2)D 04z, )Ty, x| 2). (36¢)

In (33)-(36) there are some quantities, such as J, (z) Al (2), DR(z,2), T (y, x| 2)
and x.s(z|£), which depend on photon variables z, z’. Those without a tilde symbol
are just the long-wavelength limit of our earlier definitions, since only G, =0 terms in
their Fourier transforms are retained. The G, # 0 terms are included in the quantities
with the tilde symbol. 6. is the short-wavelength limit (or the short-range part) of
the ‘bare’ electron-phonon vertex function earlier defined by (194d).

Since the functional measure (33b) is invariant under the translations ¥ > ¥ + 8,
A-> A+ 8A, u- u+du, the following (Schwinger) equations hold:

0=243 (2, 2)Rg(2') + o (2) + G(x, Y)TV(y, x| 2) + Xup (2| €) Lo (£) (37a)

0=S897"¢& €V La(£)+ L(6)+ G(x, )82 (y, x| £) + Rs(2) x50 (2| £) (37b)

0=G~ ‘(y,x)— GO Ny, x)+ My, x)+3 (y, x). (37¢)
1

The mass operator X,(y, x) can be written as a sum

;(y,X)=Z (y,X)+§ (, x) (38a)
; (7, x)=-T(y, x|2)Ra(2) = 62(y, x| £) L, ()

_F(DIO)(y’ !IZ)G(X! y!)FB yr x'z/)gaﬁ Z Z’)
— 6, x'[£)G(x', ) 85(y", x| €)S.ap (£ €)
—Ia(y , x,,)K(x,, y,)c"(y',x> (38b)
Xy Yy x
R
) (y,X)=IE<y ,,)G(x”,y”)- (38¢)
3 x oy
In the above equations R,(z) and L, (¢) are defined earlier by (6g) but in this case

the Fourier transform of R,(z) does not contain components with wavevectors outside
of the Brillouin zone.
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5.2. Photon Green function and ¢,5(Q, w) tensor

Using the method of the second Legendre transform and by means of the identity
(10a) one sees that the Dyson equation for the photon Green function (10b) also
holds. Due to the integration over the rapidly varying photon fields, the proper
self-energy of the photon Il,45(z, z') can be written as

M5z z) =T1(z 2) + 113z, 2) (39a)
E)SWE Expo(2'] ) (39b)

Ms(z, 2') = Xay (2
e z’>=r:“<y,x|z>1<‘°'(: ) [V (39¢)

where K‘”' is the free-electron-hole propagator (12b) and we have introduced the
vertex function I''™ as follows:

Ty, x|2) =T (y, x|2) = 65 (5, x| £)SFUE €)xay (2] ). (394)
The phonon propagator §'% in (39d) can be written as
. h . /
Sap(6€)=2L Y ) 3= explilQ(R = Ry}~ w,(w—w)]}
Q @, Ay, Az 0
xeX (A, Q8CM(Qiw,)es (A2, Q) (40a)

where S satisfies the following set of equations:

) 5 2xr,, Q4 GD(Q+ G i)

Z {5A‘Az[(iwp)-_ﬂ;"(o)] - M,Vyhe™ 6 =0

A2
XZB(/\Z,Q+Gn)}S~()\():)A3(Qs iw,)) =8, 4, (40b)

By means of (39d) and (40) we obtain for I'Y¥(y, x|z)

L, x12) =25 S 5 explil Qp - w,(w = )T 0, Fe| Qs (41a)
cV Q w,

where

(0, 1o’ Quiwy) =(n ol /(@) Fioh+ T ¥ —0%L 517 (Q+Glr, o)
Go=0ara. My Vohe

X ZE(Q+ Gy iw,)Z%(Ay, Q+G,) S0, (Q, 1w,)Z, (A3, Q). (41b)

In (41) we have denoted y ={r, o, u}, x={r, o', u'} and z={p, v}. The first term
in (39d) is just the long-wavelength limit of the ‘bare’ electron-photon vertex, defined
by (4¢). Thesecond term is a renormalised electron-photon vertex due to the interaction
with phonons.

The Edwards equation for the vertex function I', can be obtained after differentiat-
ing (37¢) over J,(z), taking into account that the mass operator must be considered
as a functional of R,, L, and G:

82,(y, x) y x
I.(y, x|2) =Ty, +[————+1<
¥, x|2) (y, x|2) 56 e

+69 (0, x |68 €160y, x'ls’)}rn(y', x'|z). (42a)
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Since the relation 83./8G = 8%/8G takes place, we define a two-particle Green
function K&, for ‘mechanical’ excitons which takes into account the Elliott exchange
interaction Ig

x/l x// x” ’
[K;dl@ y”>_IE(i y"ﬂKEA(y” )yc’>=8(x_x,)8(y_y’) (42b)

where Ky, and I are defined by (12a) and (36¢).
It is convenient to define another two-particle propagator K, which satisfies the
Bethe-Salpeter equation:

[ M(y x:)—520’(y,x!§)5~5,°5(§,§) 6(y", x '}KQ(": y',)=6(x—x’>5<y—y’>-
X y y *
(42¢)

By using the function K, we can rewrite the Edwards equation (42a) in the form

K“”(" Y ,)ra<y', x|z) = Kn(x d ,)ri:“(y', x'|2). (42d)
y X y X
From (39¢) and (42d) one sees that [1}}) assumes the form
12)(z, 2') =Ty, x|z)KQ(x i,)r‘,;"(y’, x'|2). (42¢)
Y

As in § 3.1, Fourier transforming (39) we obtain the definition of the new tensor
£.5(Q,iw,). 1f we take into account that the Fourier transform does not contain
components with wavevectors outside the Brillouin zone, then we define the tensor
£.5(Q, iw,) as follows:

eaa<o,iw,,>=aaﬁ—‘(‘—i’;”—;m;‘g(o,iw,,>+nf,;<o,iw,,>> (43a)
(1) ( S0y
99(Q, iw,) = ——LM s T 200, Q886 250, Q) (43b)

2) : 0 .
naB(Qa lwp)= h:CZV (a ](r20.29 rlo-l‘o’ lwp)

ro, ro;
xKn<

r,g, ra0,

Uy =0; uy=0; iwp)r(ﬁn)(r303’ "40'4|_Q, iwp) (43¢)

where the Fourier transform of the propagator K, is defined earlier by (17).

In the following sections we will show that the tensor £,5(Q, iw,) provides both
the equation for obtaining the polariton spectra w,(Q) and the relation between the
displacement and the electrical field corresponding to the w,(Q) normal mode in
crystals.

5.3. Bethe-Salpeter equation and analytic properties of the Green functions

Using the identity (19a) and the method of the second Legendre transform one sees
that the two-particle electron-hole Green function (6d) satisfies the following (Bethe-
Salpeter) equation:

K_1<y x">K(x” y’>=5 s
x 3 VX {(x—x")8(y—-y") (44a)
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where the inverse propagator has the form

K" (y ") K& ( ",)—ri.°’<y,x|z)@;‘g<z,z')r;“’(y',x'lz'>
Yy x Yy

X
-0 x| £)Su'(& €)65" (v, x| €) (44b)
where 6’ and S are defined earlier. The photon propagator 2 satisfies the Dyson
equation
@11)(2, 2’)=@(ao;;(2, z:)+@;0y)(z, zu)n(l)(zu zm)@(”( " )‘ (44(,‘)

By means of the method of the second Legendre transform, one sees that the
following equation holds:

05 (y, x|£)85(€, )
= (093, x| €) =Ty, x| 2)BL)(z, 2V x5 (2’| €)) SEal €, ©). (44d)
Using the above equation, the inverse propagator (44b) can be rewritten in the form
K“(i’ ’y‘) =Kal(i y) ~T'(y, x| 2) DU (2, 2T, x| 2). (44e)
In an analogous way, using the equation
F(Q) y’ X‘Z )@(1)(2 Z)
= (T (0 x[2) = 6(3, x| £)S5 (& € xpy(2'| €0 Du(2, 2) (44f)

we can obtain from (44b) another form of the inverse propagator

K“(y x:)=K;‘(y ’y‘) 6% (y, x| £)S(£, £)69(y, x'| €). (44g)

x y x

Equations (44b), (44e) and (44g) represent three different forms of the Bethe-
Salpeter equation for the two-particle electron-hole Green function.

We continue by analysing the analytic properties of the function 2,5(Q, iw,)—the
Fourier transform of the photon propagator %,5(z, z'). Using the method of the second
Legendre transform and the equations for appropriate Green functions, one sees that
the following equation holds:

@aﬁ(z Z)—-@“)( ) @(1)(2 z )H(Z)(Z 2 @(l)( " r) (45(1)

where the photon self-energy I11) is straightforwardly connected to the propagator K
(2) ) ) X Y\rwry o
HQB(Z,Z)::FQ (yax|Z)K<y x/>rﬁ (y’x IZ). (45b)

From (45) we can conclude that the two Green functions K and Z,; have identical
poles.

In § 3.4 we have pointed out that any polariton state w,(Q) manifests itself as a
pole near the real axis in the frequency plane of the functions K and S,;. From (45)
it follows that the contribution from the polariton state w,(Q) to the Green function,
defined by (45a), can be written as

”O(Q)F”Q*(Q)

ZoalQ D)= Q) Fi0"

+ F.5(2) (46a)
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where F,4(z) is a term, regular at z = w,(Q). It is easy to see that F, ?(Q) is equal to
the G, =0 component of the vector potential AR(Q+ G,) defined by (27a). In fact,
from (44a) and (44e), one sees that

1 r r
“—'KQ< 101 303
hc POy 40y
xT(ry05, 1,04 Q w,) F22(Q) (46b)

where ®*9 is the Bethe-Salpeter amplitude, defined earlier, From (45a), (45b) and
(46a) it follows that

1 14
F;Q(Q) = _—ch_V@(a";(Q’ w,)r(,;m(rzaz, rla'liQ, w,)d Q("za'z; roy; Uy =0). (46¢)

q)yo(rzo'z; POy Uy ) ==

Uy; Uy =0 w,,)

On the other hand, from (26) we obtain
q:’yo(rzo'z; roy; Usy)

(— 1) ("10'1 r3o;

Uy Ug3 =0 wv)

M
hc [2Y SO e
x Y {1y, 03] fu(—Q = G,) | 1a, ) ALR(Q+ G,). (46d)
G,
After comparing the right-hand sides of (46b) and (46d) we find
N3(Q, w,)F;°(Q) = ZH‘E’ (Q, Q+G,; w,)AFL(Q+G,) (46¢e)
FR(Q)=AX(Q+ Gn)lc,,=o=AZ°(Q)- (46f)

By means of (46b) and (46c¢) one sees that AL(Q) satisfies the following equations:
(l.)‘:', 2 vQ
<?£QB(Q, wv)_aaBQ +QQQB>AB (Q)=0 (47(1)

where ¢,5(Q, w,) follows from the analytic continuation of e,5(Q, iw,) given by (43a).
Looking for non-trivial solutions of (47a), we find that the polariton spectra w,(Q)
can be obtained from the following equation:

det

pE: Eaﬁ(Q w,)— aBQZ+QaQB = (47h)

As is well known, in perfect crystals the displacement D:°(Q) is related to the
electric field EX2(Q+ G,) as

DZ°(Q)=§SQB(Q,Q'FGn;wV)EEQ(Q'FG,.) (48a)

where the electric field EZ°(Q+ G,) corresponding to the (¥, Q) normal mode is given
by (30d). Our method allows us to relate the displacement of the wavevector Q in
the Brillouin zone to the electric field of the same wavevector Q

D:°(Q) = £as(Q, w.)E2(Q). (48b)
The last relation can be obtained by means of (48a) and by using the identity
47rhc 4-rrhc

5(Q, w,)A°(Q) =

v v

Y IH(Q Q+G,; w,)AR(Q+G,). (48¢)
G,
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This identity follows from the equation
2.5(Q; w,)A%(Q)=0 (484)

by means of (46¢) and (46f).
Finally, we end this section with a short remark on how to rewrite the normalisation
condition (30a) in terms of the new tensor £,5(Q, w,). By means of the identity

0 K_I<r10'1 rs0;

0z IOy  ra04

Uy, Uazs Z)=‘K(_11‘_‘Kﬁl (494a)
8z

and using (44e), (46b) and (46¢), the normalisation condition (30a) can be rewritten
(Glinskii and Koinov 1986, 1987) in the form

hw, 1/ 3 v vQ"
wéQ)=E<awv(wyeaB(Q, )+ €a5(Q, wn')>Eﬂo(Q)Eﬁo (Q) (49b)
where

EX(Q) =‘—‘;’”A;°(o>

is the electric field of the wavevector Q, which corresponds to the (», Q) normal mode
in the crystal.

6. Conclusion

The theory of polaritons has been presented from a microscopic quantum-field point
of view including the local-field effects. All quantitites of interest are expressed in
terms of the Green functions. We have pointed out that in the system of interacting
photons, phonons and electrons, there exist well defined composite excitations
(polaritons), which manifest themselves as poles of any of the photon, phonon or
two-particle electron-hole Green functions.

We have also been concerned with the question which naturally arises in crystal
optics as to whether there is a possibility of using the tensor €,5(Q, w, ), which gives
the relation between the displacement D:°(Q), corresponding to the (v, Q) normal
mode in perfect crystals, and the electric field E.°(Q) of the same wavevector.

In a subsequent work we plan to use our approach to investigate the first-order
Raman effect in insulating crystals that takes into account the local-field effects.
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